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Abstract 

Let (-R,m) be a Noetherian local ring and let I be an 7?-ideal. 
Inspired by the work of Hiibl and Huneke, we look for conditions 
that guarantee the Cohen-Macaulayness of the special fiber ring JT = 
Ti./xnJZ of /, where TZ denotes the Rees algebra of I. Our key idea is 
to require 'good' intersection properties as well as 'few' homogeneous 
generating relations in low degrees. In particular, if 7 is a strongly 
Cohen-Macaulay i?-ideal with Gi and the expected reduction number, 
we conclude that T is always Cohen-Macaulay. We also obtain a char- 
acterization of the Cohen-Macaulayness of TZ/KTZ for any m-primary 
ideal K: This result recovers a well-known criterion of Valabrega and 
Valla whenever K — I. Furthermore, we study the relationship among 
the Cohen-Macaulay property of the special fiber ring and the one 
of the Rees algebra TZ and the associated graded ring Q of /. Fi- 
nally, we focus on the integral closedness of ml. The latter question 
is motivated by the theory of evolutions. 



*The last two authors gratefully acknowledge partial support from the NSF. 
AMS 2000 Mathematics Subject Classification. Primary 13A30; Secondary 13B22, 
13C40, 13H10. 



1 



2 



A. Corso, L. Ghezzi, C. Polini, and B. Ulrich 



1 Introduction 

Let {R, m) be a Noetherian local ring with infinite residue field k and let / 
be an i?-ideal. The Rees algebra TZ, the associated graded ring Q, and the 
special fiber ring J- of I, 

oo 

play an important role in the process of blowing up Spec(i?) along V{I). 
For this reason these algebras are often collectively referred to as blowup 
algebras. 

In this article we are mostly concerned with the study of the properties of 
J-. From a geometric point of view, Proj(^) corresponds to the fiber over the 
closed point of the blowup of Spcc(i?) along V{I). When i? is a standard 
graded domain over k and / is the i?-ideal generated by forms /o, . . . , /„ 
of the same degree, then T describes the homogeneous coordinate ring of 
the image of the rational map Proj(i?) ---> PJJ given by (/o, . . . , fn)- As a 
special case this construction yields homogeneous coordinate rings of Gauss 
images and of secant varieties. From a more algebraic perspective, J-' encodes 
(asymptotic) information about the ideal /: Its Hilbert function gives the 
minimal number of generators of the powers of /, while its KruU dimension 
- referred to as the analytic spread I oi I - coincides with the minimal 
number of generators of any minimal reduction J of /. The analytic spread 
is bounded below by the height g of / and bounded above by the minimal 
number of generators n of / and by the dimension d of R. The difference 
i — g has been dubbed analytic deviation, while n — i is called the second 
analytic deviation of /. The concept of a reduction J of an ideal / has been 
crucial in the study of the blowup algebras of /, as J carries most of the 
information about / but, in general, with fewer generators. We say that J 
is a reduction of / if 1''+^ = JI^ for some non-negative integer r |26| . The 
least such r is called the reduction number rj (I) of / with respect to J. One 
then defines the reduction number of / to be the least rj (I) , where J varies 
over all minimal reductions of /. A reduction is said to be minimal if it is 
minimal with respect to containment. We recall that minimal reductions 
arise from Noether normalizations of J-. 

Special fiber rings also find an application in the theory of evolutions. Let 
fc be a field of characteristic zero. Mazur, inspired by the work of Wiles on 
semistable curves |^{5| , introduced the notion of evolution. Let tt : 5* -» T be 
an epimorphism of local fc-algebras essentially of finite type. We say that S 
is an evolution of T if ^s/k ®S T = i^T/k- It has been conjectured by Mazur 
that every reduced algebra T is evolutionary stable, i.e., that every 
evolution of T is an isomorphism. This is still an open question, although 
partial results were given in 

in], Cni, CI- In P, Eisenbud and Mazur show 
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that for a prime ideal / in a regular local ring {R, m) essentially of finite type 
over a field of characteristic zero, the algebra R/I is evolutionary stable if 
and only if /(^^ C ml. As /^^^ is contained in the integral closure ml of ml, 
the desired inclusion /^^^ C ml holds if ml is integrally closed ■ Hiibl and 
Huneke were the first to use the special fiber ring = TZ/mTZ in studying 
the integral closedness of ml. Indeed, they observed that, ii i = d, TZ is a 
normal domain and m?^ is unmixed, then mTZ is an integrally closed 7^-ideal, 
forcing all i?-ideals to be integrally closed as well [T^ . 

We now describe the content of the paper. Section 2, which contains our 
main result, is concerned with the Cohen-Macaulay property of J-. If / is 
generated by part of a system of parameters or, more generally, if / has reduc- 
tion number zero (equivalently, second analytic deviation zero), then ^ is a 
polynomial ring over a field, hence Cohen-Macaulay. Thus the first interest- 
ing case is that of ideals with reduction number one. Under this assumption, 
if the ring R is Cohen-Macaulay, then T was shown to be Cohen-Macaulay 
by Huneke and Sally when / is m-primary |20| : by Shah when / is equimul- 
tiple, i.e., has analytic deviation zero [JHIEHI; by Cortadellas and Zarzuela 
when / has analytic deviation one and is generically a complete intersection 
0. Other cases have been studied in|2SliniEllHlIZIIElll|- Recently, Hiibl 
and Huneke proved the Cohen-Macaulayness of !F for generically complete 
intersection ideals having analytic deviation one, but arbitrary reduction 
number r JSj . Their key assumption is that has grade g and that T has 
no homogeneous relations in degrees < r. The work of Hiibl and Huneke 
inspired our main result, namely Theorem l2.2l Our main idea is that 'good' 
intersection properties and 'few' homogeneous generating relations in low 
degrees guarantee that £ general linear forms in J- are a regular sequence, 
hence implying the Cohen-Macaulayness of !F. Theorem l2.2l recovers the pre- 
vious results as well as a recent one by Heinzer and Kim ■ We would like 
to thank Bill Heinzer for sharing with us an earlier version of jl2| . Our as- 
sumption on the relations of J- is always satisfied by ideals of second analytic 
deviation one, but cannot be deleted in general, as shown by an example due 
to D'Anna, Guerrieri and Heinzer (see Example 12. 6() . Another class of ideals 
to which Theorem 12.21 applies are strongly Cohen-Macaulay ideals having 
the 'expected reduction number.' Indeed, if / is a strongly Cohen-Macaulay 
ideal satisfying Ge and having the 'expected' reduction number < ( — g + I, 
then the special fiber ring is Cohen-Macaulay (see Corollarv l2.1I|) . 

As in jJS], most of our results for special fiber rings !F = TZ/mTZ hold 
more generally for TZ/KTZ, where K is an m-primary ideal. Under suitable 
assumptions we give a characterization in terms of intersection conditions 
on powers of / for when TZ/KTZ or Q are Cohen-Macaulay (see Theorem 12 .71 
and Theorem I3.7|l . For if = / an m-primary ideal, these results specialize 
to a well-known criterion by Valabrega and Valla 231 ■ 

In Section 3 we apply Theorem l2.2l to investigate the relationship between 
the Cohen-Macaulayness of TZ, Q, and T. First of all, it is easy to construct 
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examples (even for perfect ideals of height two) where ^ is Cohen-Macaulay, 
but TZ and Q are not. Indeed, if J is a perfect ideal of height two generated by 
i+l homogeneous polynomials of the same degree in a power series ring over 
a field, then !F is an hypersurface ring, hence Cohen-Macaulay. However, TZ 
(and G) is not Cohen-Macaulay if / satisfies Gg, but not the 'row condition' 
122] (see Sections 2 and 3 for precise definitions). Likewise, the example 
by D'Anna, Guerrieri and Heinzer shows that the Cohen-Macaulayness of TZ 
and Q does not imply the Cohen-Macaulayness of Nevertheless, assuming 
that / satisfies Gf, and !F has 'few' homogeneous generating relations in 
degrees < max{r, ^ — g}, we show that if Q is Cohen-Macaulay then so is 
J- (see Proposition 13. II) . Furthermore, if R is Gorenstein and / is a perfect 
Gorenstein ideal of height three satisfying Ge, then the Cohen-Macaulayness 
of Q forces / to have the expected reduction number |27|. which implies the 
Cohen-Macaulayness of T (see Corollarv l3.6|l . Similarly, for a perfect ideal of 
height two satisfying Gi, T is Cohen-Macaulay whenever TZ has this property 
(see Corollarv l3.4|l . 

Finally, in Section 4 we identify instances when ml is integrally closed. 
Most notably, we do this for perfect ideals of height two and for perfect 
Gorenstein ideals of height three (see Corollary 14.41 and Corollary 14. 5|) . To 
establish both results, we use the known resolutions of the symmetric powers 
of / from [3^ and a criterion given in JS], and Corollarv l2.11l 



2 Cohen-Macaulayness of 7?-/i^7?. 

Our main result is Theorem l2 . 2l below. It fully generalizes 2.1]. To prove 
it we need a preparatory lemma. 

Lemma 2.1 Let R be a Noetherian ring, let I be an R-ideal, let ai, . . . , 
be elements generating a reduction J of I , and let t be a fixed positive integer 
with t > rj{I). If 

[(a^i, . . . ,a^.J/*"^ : a^^^J n = (a^^ , . . .,a^^)P^'^ 

holds for every {vi, . . . , h'i+i} C {1, ■■■,£} and for j — t, then it holds for 
every j >t. 

Proof. We proceed by induction on j > t. The case j = t is satisfied by 
assumption, thus let j > t+1. We now use decreasing induction on i < £—1. 
Write L = [{a„^ , . . . , a,j.)I*-^^ : a^x.^J n P and choose = i^i+i if i = £—1 
and G {I7 • ■ • \ {'^1, ■ ■ ■ , ^i+i} ii i < t — I- One has 
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Indeed, for i = £ — 1 the last equality holds since j > rj{I) + 1 while for 
i < £ — 1 it holds by decreasing induction on i. Since (aj/j , . . . ,a,y.)P~^ C L 
we obtain 

L = {a„^, . . . ,ai,^,ai,^^^)I^^^ n L 

= (a^,, . . . ,a^,)P~'^ + a^,^^[{L: a^.^J n 7-'"^]. 

By assumption L C {a^-^ , . . . , a^JP^^ . Hence 

{L: a^,^Jn/^-i C [{a^„...,a^,)p-^: a^,^^]np-^ = (a^, , . . . , a^JP-^ 

where the last equality holds by induction on j. Thus 

L c {au^,...,aui)P~'^ +au,+^{at,,,...,aui)P~'^ 
= {a^^,...,a^,)P~'^, 

as desired. □ 

Let i? be a Noetherian local ring and let / be an i?-ideal minimally gen- 
erated by /i ,...,/„ . Writing A for the kernel of the homogeneous epimor- 
phism R[Ti, . . . , r„] ^ 7?, of i?-algebras which sends Ti to fi, one has TZ = 
R[Ti, . . . , Tn]/A. Thus for any i?-ideal K, U/KTZ = R[Ti, T,,]/{K, A) ^ 
{R/K)[Ti, . . .,Tn]/Q, where Q denotes the image in {R/K)[Ti, . . . ,T„] of 
A. By 'homogeneous generating relations' of TZ/KTZ we will mean elements 
forming part of a homogeneous minimal generating set of the ideal Q. 

In the sequel we will denote the minimal number of generators function 
by fj,. 

Theorem 2.2 Let (i?,m) be a Noetherian local ring with infinite residue 
field, let I be an R-ideal with analytic spread £, minimal number of gener- 
ators n, reduction number r, and let t be a positive integer with t > r. Let 
ai, . . . ,a£ be general elements in I and let = (ai, . . . , ttj) for < i < £. 
Let K be an m-primary ideal. Assume that 

(a) (ai/*~^ : aj+i) fi J* = ttj/*"^ whenever < i < £ — 1; 

(6) («) if K = m and n > £ + 2 then TZ/KTZ = T has at most two 
homogeneous generating relations in degrees < t; 

[a) if K = m. and n = £ + 1 then TZ/KTZ = T has at most one 
homogeneous generating relation in degrees < t; 

{Hi) if K ^ m then TZ/KTZ has no homogeneous relations in degrees 
< t. 

Then TZ/KTZ is Cohen-Macaulay. 
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Proof. Set S = {R/K)[Ti, . . . ,Tn], TZ/KTZ = S/Q, let ' denote images 
under the homomorphism TZ — > TZ/KTZ, and write Q<t for the S'-ideal 
generated by the forms in Q of degrees at most t. If K ^ m then S/Q<t — S 
by assumption {b){iii). If if = m and n> £ + 2, then /i(Q<t) < 2 according 
to assumption {b){i). Hence projdimg(5<( < 1 and so depthS/Q<t > 
n — 2 > £. Similarly if if = m and n = £+1, then iJ.{Q<t) < 1 by assumption 
(6)(n), and depth S'/Q<( > n ~ 1 — £. In any case we may assume that the 
images a'^, . . . , of ai, . . . , in I/KI = [S/Q]i form a regular sequence on 
the ring S/Q<t. 

Next we claim that 

a.,P n KP+^ = aiKP whenever < z < ^ and j > 0. (1) 

The proof is by induction on j. 

First assume j < t — 1. Let Aiai + ■ • • + XiUi G KP^^ = [A'7^]j+i 
with Ai,...,Ai elements of P = [R]j. One has A'^a'^ + ••• + A -a- = 
in S/Q<t since j + 1 < t. As a'l, . . . form a regular sequence in this 
ring, there is an alternating i by z matrix A with entries in [7^]j_i so that 
[Ai,...,A-] = [a[,...,a'i\A'. Hence [Ai,...,Ai] = [ai, ... ,ai]A mod KP . As 
[ai, . . . , ai]A[ai, . . . , Oi]*'' = 0, it follows that Aiai + • • • + A^Oi G aiKI^ . 
Next suppose j > t. We use decreasing induction on i, the case i = i being 
clear since j > r. li i < £ then 

a^P n KP+^ = a^P n a,+iP n KP+^ 

= ttiP n ai+iKP by induction on i 

= a,P n {a,KP + a,+iKP) 

= a,KP + {a,P na,+iKP) 

= a^KP + a,+i [{a^P : a,+i) n KP] 

= aiKP + 0^+1(0^^^^ n KP) by assumption (a) 

and Lemma l2. II 

= UiKI^ + ai^iaiKI^~^ by induction on j 

= a^KP. 

This completes the proof of (Q. 

Finally we prove that TZ/KTZ is Cohen-Macaulay. Recall that a[, . . . ,a'g 
form a regular sequence on S/Q<f Hence it suffices to show that for < 
i < £ — 1 and j > t, 



[(o'i,...,a-) -.Tz/Kn fli+ilj = [{a'l, ■ ■ ■ ,a'^]j, 
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or equivalently, 

[(a,P + -.R n /■'■ C a,p-^ + KP . 

Notice that 

(a,P + KP+^) n a,+iP = a,P + (a.+iP n KP+^) 

= a,P + a,+iKP by 

= a^P+ai+iKP. 

Thus 

[{a,P + KP+') : a,+i] n P C [((a,/^' + KP+^) D a,+iP): a,+i] n P 

= [{aiP + ai+iKP^): ai+i] n by the above 
= [{a,P:a,+i) + KP]r\P 
= {a^P: a^+l)nP +KP 
= a,p-^+KP, 

where the last equality follows from assumption (a) and Lemma |2. II □ 

One often does not have to require assumption (6) in Theorem 12.21 if 
the ideal / has second analytic deviation one. Notice that in this case is 
Cohen-Macaulay if and only if ^ is a hypersurface ring. 

Corollary 2.3 Let R be a Noetherian local ring with infinite residue field, 
and let I be an R-ideal with analytic spread i, minimal number of generators 
i + 1 and reduction number r. Let ai, . . . ,ae be general elements in I and 
let tti = {ai, . . . , Oi) for < i < £. Assume that {atL^^^ : a^+i) fl/'" = aiL^^^ 
whenever < i < £ ^ I. Then J- is Cohen-Macaulay. 

Proof. As ii{P) = £ + 1, T has no homogeneous relations in degrees < r. 
Thus our assertion follows from Theorem 12.21 with t = r. □ 

Remark 2.4 Theorem lO recovers jB] 3.2] and |15[ 2.1]. Indeed, the as- 
sumptions of 3.2] and J^, 2.1] imply (a^: at+i) Ci P — ail^^^ whenever 
< i < ^ - 1 and j > 1. 

Proof. In the case of Hiibl and Huneke, we have that £ — g + 1, where g is 
the height of/. Moreover, ht ((og : /), flg+i) > 5 + 1, ai, . . . ,ag form a regular 
sequence on R, and their images in [0]i — I/P form a regular sequence on 
Q. As i < £ — I — g, the first and second condition give (a^ : a^+i) n / = a^, 
whereas the third one implies ai fl = OiP"^ for every j > 1 by |33[ 2.7]. 

In the case of Cortadellas and Zarzuela the intersection properties follow 
from 2.5(m)]. □ 
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Remark 2.5 Corollarv l2 . 31 also recovers the following result of Heinzer and 
Kim |12[ 5.6]: Let i? be a Noetherian local ring with infinite residue field 
and / an i?-ideal of grade g with analytic spread g and minimal number 
of generators g + 1- If grade ty+ > .9 — 1 then is Cohen-Macaulay. In 
particular is a hypcrsurfacc ring. 

Proof. We use the notation of Corollary 12.31 with £ = g. Notice that 
a,: ai+i = Ui for < i < g — 1, since ai, . . . ,ag form a regular sequence; 
moreover, n P — ail^^^ for < « < g — 1 and j > I since grade Q+ > g—1 
[331 2.7]. Now the assertion follows from Corollarv l2.3l □ 

The work of Hiibl and Swanson 16 provides classes of defining ide- 
als of monomial space curves for which Theorem 12.21 implies the Cohen- 
Macaulayness of J-' in the presence of two homogeneous generating relations 
of degrees < r. 

Next, we use an example by D'Anna, Guerrieri and Heinzer "7", 2.3] to 
point out that in general the assumption 'J- has at most two homogeneous 
generating relations in degrees < r' in Theorem 12.21 cannot be removed or 
weakened. 

Example 2.6 Let R = /cft^, t^^,t^^, t^^, where k is an infinite field, and let 
/ — {t^, t^^,t^^). The ideal / has height 1, analytic spread 1, minimal number 
of generators 3 and reduction number 2. Assumption (a) of Theorem 12. 21 is 
satisfied, but condition {b){ii) does not hold. Indeed, one has 

so T has 3 generating relations in degree 2. Notice that J- is not Cohen- 
Macaulay. 

In contrast to Theorem l2.2l the following criterion for the Cohen-Macau- 
layness of TZ/KTZ does not refer to the degrees of the defining equations. 
Instead, we impose conditions on certain intersections that specialize to the 
assumptions of Valabrega and Valla jSSI 2.7] whenever K = I. 

Theorem 2.7 Let (i?, m) be a Noetherian local ring with infinite residue 
field, and let I be an R-ideal with analytic spread £ and reduction number 
r. Let ai, . . . ,ae be general elements in L and set J = (ai, . . . , ag). Let 
flj = (oi, . . . , ai) for < i < £, and assume that 

whenever < i < £ ^ I and 1 < j < max{l,r}. Let K be an m-primary 
ideal. Then the following are equivalent: 

(i) TZ/KTZ is Cohen-Macaulay; 
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{ii) J/KJ is a free R/K-module and JI^ ^ n KP = JKI^ ^ whenever 

Proof. We first show that (i) imphes (ii). Notice that the images a[, . . . ,a'i 
of fli, . . . , ae in [TZ/KTZ]i = I/KI form a regular sequence on TZ/KTZ. Thus 
a'l, . . . ^a'g are linearly independent over [R,/ KTV\{) = R/ K. In particular, the 
images of ai, . . . , in J/KJ are linearly independent over R/ K and hence 
form a basis of J / KJ . Again since a'j^ , . . . , form a regular sequence on 
n/KTZ, the equalities JI^'^ n KP = JKP-^ for j > 1 follow as in the 
proof of Theorem 12. 21 (see the proof of claim |^ in the case j < t ~ 1). 
Next we show that (ii) implies (i). Our assumption and Lemma lTTl vield 

[aiP^^ : a,+i) n P = aj^^^ whenever < i < ^ - 1 and j > 1. (2) 
We claim that 

a,P^^ n KP = UiKp-^ whenever < i < ^ and j > 1. (3) 

By the freeness of J/KJ one has a^nKJ = aiK, whereas the second assump- 
tion in (ii) gives JCiKI = KJ. Thus aiCiKI = a^n JflA'/ = a^nKJ = a^K, 
which yields lO for j = 1. On the other hand, ^ holds for i = ^ by the sec- 
ond assumption in (ii). Now Q follows as in the proof of Theorem 12. 21 fsee 
the proof of claim (1) in the case j > t), by increasing induction on j and 
decreasing induction on i using Finally, again the proof of Theorem 12. 21 
shows that and © imply the Cohen-Macaulayness of TZ/KTZ. □ 

We now study several instances where assumption (a) in Theorem l2.2l as 
well as the assumption in Theorem 12 . 71 are automatically satisfied. 

Let i? be a Noetherian local ring, / an i?-ideal of height g, and s an 
integer. Recall that / satisfies condition Gs if fJ-{Ip) < dimi?p for every 
p G V{I) with dimi?p < s — 1. A proper _R-ideal H is called an s-residual 
intersection of /, if there exists an s-generated ideal a C / so that H = 
a: / and htH > s > g. If in addition ht (/ + H) > s + 1, then H is 
said to be a geometric s-residual intersection of /. We say that / satisfies 
ANs {AN~ , respectively) if R/H is Cohen-Macaulay for every i-residual 
intersection (geometric i-residual intersection, respectively) H of I and every 
i < s. 

Lemma 2.8 Let R be a local Cohen-Macaulay ring with infinite residue 
field and let I be an R-ideal. Let s, t be integers. Let J be a reduction 
of I generated by s elements with ht J: / > s. Assume that L satisfies Gs, 
AN^_f._^ and that for every p e V{I), depth (i?//-')p > min{dimi?p — s -\- 
t ~ j,t ~ j} whenever 1 < j < t ~ I. Let ai, . . . , be general elements in 
J and set — (ai, . . . , Oi) for < i < s. Then (a^ : a^+i) n = a j^^^ 
whenever < i < s — 1 and max{l, i ^ s + t -\- 1} < j <.t. 
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Proof. See the proof of CD! 2.4]. 



□ 



Corollary 2.9 Let (i?, m) be a local Cohen- Macaulay ring with infinite resi- 
due field, let I be an R-ideal with analytic spread £, minimal number of 
generators n and reduction number r, and let t be a positive integer with 
t > r. Assume that I satisfies Gi, AN^_^_^ and that for every p G V{I), 
depth {R/P)p > min{dim Rp — £ + t — j,t — j} whenever 1 < J < t — 1 . Let 
K be an m-primary ideal. Assume that 

(i) if K — m and n > £-\-2 then TZ/KTZ = T has at most two homogeneous 
generating relation in degrees < t; 

(ii) if K — m and n — £-\-l then TZ/KTZ = T has at most one homogeneous 
generating relation in degrees < t; 

(Hi) if K m then TZ/KTZ has no homogeneous relations in degrees < t. 

Then TZ/KTZ is Cohen- Macaulay. 

Proof. We use the notation of Theorem 12.21 By Lemma [2.81 we conclude 
that (a^: a^+i) n P = aiL^~^ and, a fortiori, (a^/^^^ : a^+i) fl P ~ o.iI^~^ 
whenever Q < i < £—1 and max{ \,i — i + t+\}<i<t. Our assertion then 
follows from 

Theorem □ 

Corollary 2.10 Let (i?, m) be a local Cohen- Macaulay ring with infinite 
residue field, and let L be an R-ideal of height g with analytic spread £, 
minimal number of generators n and reduction number r. Assume that I 
satisfies Gi . Further suppose that either t = £ — g + l>r and depth R/I^ > 
dunR/I — J + 1 whenever 1 < j < £ — g, or else t ^ £ ~ g > r and 
depth R/I^ > dhnR/I — j whenever 1 < j < £ — 5 — 1. Let K be an 
m-primary ideal containing I . Assume that 

(i) if K = m and n > ^ + 2 then TZ/KTZ — T has at most two homogeneous 
generating relations in degrees < t; 

(ii) if K = m and n — £-\-l then TZ/KTZ = J- has at most one homogeneous 
generating relation in degrees < t; 

{Hi) if K ^ m then TZ/KTZ has no homogeneous relations in degrees < t. 

Then TZ/KTZ is Cohen- Macaulay. 

Proof. We may assume t > Q since otherwise / is a complete intersec- 
tion. The assertion now follows from Corollary 12. 91 Indeed the assumption 
AN^_^_^ of that corollary is vacuous since £ — t — 1 < g — I, whereas the 
local depth condition follows from the global one by Ischebeck's Lemma, for 
instance. □ 
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In the presence of the condition d, the depth assumptions of Corol- 
lary |^^| are satisfied by strongly Cohen- Macaulay ideals, i.e., ideals whose 
Koszul homology modules are Cohen-Macaulay. This condition always holds 
if / is a Cohen-Macaulay almost complete intersection or a Cohen-Macaulay 
deviation two ideal of a Gorenstein ring [3 p. 259] . It is also satisfied for 
any ideal in the linkage class of a complete intersection [171 1.11]: Standard 
examples include perfect ideals of height two and perfect Gorenstein ideals 
of height three. 

Continuing the discussion preceding Theorem l2.2l let i? be a Noetherian 
local ring, let / be an i?-ideal minimally generated by /i ,...,/„ , and let K 
be any i?-ideal. There are homogeneous epimorphisms of graded i?-algebras, 

oo 

B = i?[ri, . . . , T„] ^ Sym(/) = S,{I) ^ 7^, 

i=o 

where the first map sends Ti to fi and the second map is the natural one. 
They yield presentations 

11'^ B/ A, SymiI)^B/A<i, n/Kn= iR/K)[Ti, . . . ,T,,]/Q. 

Here A<i denotes the B-ideal generated by [A]i, and Q is the image of 
A in {R/K)[Ti,...,Tn]. One has A<i C Fitt„_i(/)B. It follows that if 
Fitt„_i(/) C K and Sj{I) = P for some j, then [Q]j = 0. 

Corollary 2.11 Let (i?, tn) be a local Cohen-Macaulay ring with infinite 
residue field, and let I be a strongly Cohen-Macaulay R-ideal of height g with 
analytic spread £, minimal number of generators n and reduction number 
< i — g -\- 1. Assume that I satisfies Gg. Then TZ/KTZ is Cohen-Macaulay 
for every m-primary ideal K containing Fitt„_i(/). In particular, T is 
Cohen-Macaulay. 

Proof. We apply Corollary 12 . 1 01 with < = — 9 + 1. Indeed, ^1 the proofs 
of 5.1 and 4.6] shows that depth > dimi?// - j + 1 and 5^(7) ^ V for 
1 — .9+1- Since Fitt„_i(/) C K the last isomorphisms imply that 

TZ/KTZ has no homogeneous relations in degrees < t — g -\- 1- □ 

The next example shows that Corollary 12. Ill is no longer true even for 
perfect ideals of height two with second analytic deviation one, if the reduc- 
tion number is not the 'expected' one. 

Example 2.12 Let R = k\x, y, z], with k an infinite field, and let / be the 
i?-ideal generated by the 3 by 3 minors of the matrix 

/a;3 \ 
y2 ^2 • 

\ z2 x7 
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One has that / is a perfect ideal of height 2, analytic spread 3, and reduction 
number 5. Also, / satisfies G3. However TZ/KTZ is not Cohen-Macaulay 
for any i?-ideal K containing Fitt3(/) = (x^ ,y'^ , z'^ ,yz). Indeed, writing 
A = R/K we have that 

n/{K, T,,n)TZ ^ A[T2, n]/izTiTi, yT^Ti, xT^T^, T^T^, T^TI) 

has depth zero and dimension one. As Ti and T3 form part of a system of 
parameters of TZ/KTZ it follows that TZ/KTZ cannot be Cohen-Macaulay. In 
particular, the special fiber ring is not Cohen-Macaulay. 



3 The Cohen-Macaulayness of IZ/KIZ versus 
the Cohen-Macaulayness of IZ and Q 

Our goal in this section is to relate the Cohen-Macaulayness of TZ and Q to 
the Cohen-Macaulayness of TZ/KTZ and vice versa. 

Proposition 3.1 Let (i?,m) he a Noetherian local ring with infinite residue 
field, and let I he an R-ideal of height g with analytic spread £, minimal 
number of generators n and reduction numherr. Assume that I satisfies Gi. 
Let K he an xn-primary R-ideal containing I . Suppose that 

(i) if K ^ m and n > £ + 2 then TZ/KTZ = T has at most two homogeneous 
generating relations in degrees < max{r, ^ — g}; 

(ii) if K — m and n = i+l then TZ/I'CTZ ~ T has at most one homogeneous 
generating relation in degrees < £ ~ g; 

{Hi) if K ^ m then TZ/KTZ has no homogeneous relations in degrees < 
max{r, i — g}. 

If Q is Cohen-Macaulay, then TZ/KTZ is Cohen-Macaulay. 

Proof. We use the notation of Theorem 12.21 From |21l 2.2] we conclude 
that (tti : fli+i) n P — fXil^^^ whenever < i < £ — 1 and j > i — g 1. 
Notice that in the setting of (ii), T has no homogeneous relations in degrees 
< r. Furthermore we may assume max{r, t — g\ > since otherwise / is 
a complete intersection. Now our assertion follows from Theorem 12.21 with 
t = max{r, £ — g}. □ 

Corollary 3.2 Let R he a Noetherian local ring with infinite residue field, 
and let I be an R-ideal of height g with analytic spread £ and reduction 
number r > £ — g. Assume that I satisfies Ge and that T has at most two 
homogeneous generating relations in degrees < r. If Q is Cohen-Macaulay, 
then T is Cohen-Macaulay. 
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Proof. Again recall that iin = £+1 then T has no homogeneous generating 
relations in degrees < r. □ 

Example 12.61 shows once more that the assumption has at most two 
generating relations in degrees < r' cannot be weakened in Corollary 13.21 
That is, may fail to be Cohen-Macaulay even if Q has this property. How- 
ever TZ is not Cohen-Macaulay in that example; so it is natural to ask whether 
the Cohen-Macaulayness of TZ implies the one of !F. Also this question has 
a negative answer: 

Example 3.3 Let R and / be as in Example 12.61 By adjoining two power 
series variables x and y we obtain the ideal /' — (I,x,y) C Now 
/' has height 3, analytic spread 3, reduction number 2, and G{I') and J-{I') 
are polynomial rings over G{I) and J- [I], respectively. Thus Q{I') is Cohen- 
Macaulay and hence TZ{I') is Cohen-Macaulay by [301 3.6]. However, J-{I') 
still fails to be Cohen-Macaulay. 

Next, we list more cases in which the Cohen-Macaulayness of TZ and Q 
implies the one of TZ/KTZ. 

Corollary 3.4 Let (i?, m) be a local Cohen-Macaulay ring with infinite resi- 
due field, and let I be a perfect R-ideal of height 2 with analytic spread £ 
and minimal number of generators n. Assume that I satisfies Gf . If TZ is 
Cohen-Macaulay then TZ/KTZ is Cohen-Macaulay for every m-primary ideal 
K containing Fitt„_i(/). In particular, if TZ is Cohen-Macaulay then J- is 
Cohen-Macaulay. 

Proof. We can apply Corollarv l2.11l since r<l— 1 = £ — g-^-X according 
to ^ 3.6]. □ 



Corollary 3.5 Let [R, m) be a local Gorenstein ring with infinite residue 
field k, and let I be an R-ideal of height g with analytic spread £ > g and 
minimal number of generators n = £ -\- 1. Suppose that I satisfies Gi and 
that depth R/ P > dimi?// — j + 1 whenever 1 < j < £ — g. Furthermore 
assume that the natural map I (E)r k — > Fitt„_i(/) (Eir k is not injective. If 
Q is Cohen-Macaulay then TZ/KTZ is Cohen-Macaulay for every m-primary 
ideal K containing Fitt„_i(/). In particular, if G is Cohen-Macaulay then 
T is Cohen-Macaulay. 

Proof. By 2.3 and 2.4], the ideal / satisfies Sj{I) = for 1 < j < £-5+1 
and is strongly Cohen-Macaulay. In particular depth R/I^ > dimR/ 1 — j 
whenever 1 < j < £ - g 1 [II the proofs of 5.1 and 4.6]. Now EH 2.1] 
shows that r = £ — g -\- 1, and the assertion follows from Corollarv l2.11l □ 
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Corollary 3.6 Let (i?, m) be a local Gorenstein ring with infinite residue 
field, and let I he a perfect Gorenstein R-ideal of height 3 with analytic spread 
I and minimal number of generators n. Assume that I satisfies Gg. If G is 
Cohen-Macaulay, then Ti./ KTZ. is Gohen-Macaulay for every m-primary ideal 
K containing Fitt„_i(/). In particular, if Q is Gohen-Macaulay then T is 
Gohen-Macaulay. 

Proof. We can apply Corollary 12. Ill since r<£ — 2 = ^ — g+l according 
to EH 3.1]. □ 

It is natural to raise the question of whether the Cohen-Macaulayness of 
J- implies the one of 7^ and Q. The answer is negative even in the case of 
perfect ideals of height two satisfying Gg. It is easy to build counterexamples 
for ideals with second analytic deviation one, because in this case, if / is 
generated by homogeneous polynomials of the same degree in a power series 
ring over a field, ^ is a hypersurfacc ring and so it is always Cohen-Macaulay. 
However, Ti, is not Cohen-Macaulay if the row condition is not satisfied. 

We recall the following result from 32, 5.4]: Let i? be a local Gorenstein 
ring with infinite residue field, let / be a perfect i?-ideal of height 2, with 
analytic spread I and reduction number r. Assume that / satisfies Gg. The 
following are equivalent: 

(a) 7?. is Cohen-Macaulay. 

(6) r < I (in which case r = or r — ^ — 1). 

(c) Fitt£(/) = Fitto(//J) for some ideal J C / with ^(J) = I. 

Condition (c) above is usually referred to as the 'row condition.' 

We end this section with a characterization of the Cohen-Macaulay prop- 
erty olQ. If / is an i?-ideal of height g with analytic spread d — dimi? and 
the 'expected reduction number' < d — g then Theorem 13 . 71 recovers an 
earlier result of Johnson and Ulrich [221 3.1] on the Cohen-Macaulayness of 
Q. Without any restriction on the reduction number. Theorem 13.71 charac- 
terizes the Cohen-Macaulay property of Q in terms of certain intersection 
conditions, whose necessity was already known by previous work of Polini 
and Ulrich g7| 1.2] (see also [11, the proof of 5.2]). Theorem l?7l is also a 
generalization of a well known criterion of Valabrega and Valla (S^I, 2.7] to 
non m-primary ideals. The spirit of this result and the methods of the proof 
are similar to our earlier ones (see for instance Theorem 12. 7|) . 

Theorem 3.7 Let R be a local Gohen-Macaulay ring of dimension d with 
infinite residue field and let I be an R-ideal of height g. Assume that I 
satisfies property Gd and depth i?//^ > dimi?// — j -t- 1 for ^ < j < d — g. 
Let J be a reduction of I generated by d elements with ht J : I > d and write 
r — rj (/) . Then the following are equivalent: 
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(i) Q is Cohen- Macaulay; 

{a) JI^-^ n = JP whenever d - g + I < j < r - I. 
In particular, ifr<d — g + 1 then Q is Cohen- Macaulay. 

Proof. By |27l 1-2(6)] one has that (z) impUes (m). To prove the converse 
notice that depth i?//-' > dimi?/J — j + 1 whenever 1 < j < d — g -\- 1. 
Furthermore if condition {ii) holds then it holds for every j > d — g + 1. Let 
ai, . . . , ttcj be general elements in J and set — (ai, . . . , a^) for < i < d. 
We use the convention P = R ior j < 0. 
We first claim that for j > i — g, 

ri-i ^ Ti+i whenever 0<i<(i— 1 ... 

^ n = aiP . ^ , - - (4) 

or J > d - g + 1, ^ ^ 

{a^P : a,+i) n P+^ = a^/^' whenever < i < d - 1. (5) 

We prove and (O simultaneously by induction on j . The assertions are 
clear if j < since then i < g — I- Now the claims follow for j < d — g hy 
applying Lemma l2 . SI twice with s = d, t = d — g and with s = d,t = d — g-\-l, 
respectively. Next, suppose that j > d — g + 1. We use decreasing induction 
on i. If i = d then Q follows from assumption (ii), whereas ^ is vacuous. 
Let i < d — 1 . As to Q we have that 

a^p-^ n P+^ = a^p-^ n a^+iP-^ n 

— ail-'^^ n tti+il-' by induction on i in 
= a,p-in(a,/-'+a,+i/^) 

= a^P + {a^p-^na,+iP) 

= a,/^' + a,+l{(a^p-^ : a,+i) n 7^') 

— Oil-' + ai^ittil-'^^ by induction on j in 

As to (jnj we have that 

(a^P : a,+i) n P+' C (a,/^'-i : a,+i) n J^' n 1^+' 

— ai/-'^^ n /-'^^ by induction on j in © 

= aiP by Q. 

This completes the proof of Q and (jSj. 

Let a'j, ■ ■ • , denote the images of ai, . . . , in [Q]i = ///^. We claim 
that 

[{a[, . . . , a-) :g a^+i]^ = [(a'l, . . . , a',)]^ (6) 
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whenever < z < d — 1 and j > i — g + 1- (See also [221 proof of 2.8(6)].) 
We may assume j > 0. Let u G [(a'^, . . . , a-) :g a[_^_^]j. Then u = x + P^^ 
for some x G P , and we have 

a,+ix e {a,P + P+^) n a,+iP = + iP+^ n a^+iP) 

= a,P + a,+iP+i by Q 

= a^P+a,+iP+\ 

So a,i+i {x — y) E ail^ for some ?/ G /"'+^ . Since u = x + /■'+^ = a; — y + /■'+^ , 
replacing a; by a; — y we may assume that x G (aiP : a^+i) H However 
(ai/^ : ai+i) n P = ai/^~-^ by 0. Thus a; G a-jP^^ which implies u G 
(a'^, . . . , a-)- This completes the proof of ® . 

Now the Cohen-Macaulayness of Q follows from JHl and [221 3.7] applied 
to = with £ = d . Notice that the assumptions on the depth of S/bi 
in [521 3.7] are satisfied because depth i?//^ > dimR/I — j + I for 1 < j < 
d-a+1 (see the proof of 3.13]). □ 



4 When is m/ integrally closed? 

Let {R, m) be a Noetherian local ring and let / be an i?-ideal. The integral 
closure of / is the ideal / of all elements of R that satisfy an equation of the 
form X"- + ciX"~^ + • • • + Cn-iX + c„ = 0, where cj G /■'. Equivalently, / 
is the largest ideal having / as a reduction. The ideal / is called integrally 
closed in case I — I. If P — P for every j > 1, we say that / is normal. 

We are interested in finding conditions that imply the integral closedness 
of the ideal m/. As explained earlier in the introduction, the motivation for 
this question originates in Wiles' work on semistable curves. Our results 
were inspired by the paper of Hiibl and Huneke [151 1.3 and 1.5], however in 
many cases they hold in the more general setting of an arbitrary m-primary 
ideal K rather than m itself. First, we give a slight generalization of jfsl 
1.5]. 

Proposition 4.1 Let {R,m) be a normal local ring of dimension d, let I he 
a normal R-ideal with analytic spread d, and let K be an m-primary ideal. 
Assume that TZ/KTZ is unmixed. Then KP is integrally closed for every 
j > 0. In particular K is integrally closed. 

Proof. We may assume d > 0. Notice that KTL is a divisorial ideal of 
the normal domain TZ. Such an ideal is necessarily integrally closed. Since 
KTZ = KP we conclude that the i?-ideals KP are integrally closed as 

j>0 

well □ 
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Corollary 4.2 Let (-R, m) be a normal local Cohen- Macaulay ring of di- 
mension d with infinite residue field, and let I he a normal strongly Cohen- 
Macaulay R-ideal of height g with analytic spread d, minimal number of 
generators n and reduction number < d — g + 1. Assume that I satisfies Gd- 
Then KP is integrally closed for every j > and every m-primary ideal K 
containing Fitt„_i(/). In particular K is integrally closed. 

Proof. By Corollary 12.111 TZ/KTZ is Cohen-Macaulay. Now the assertion 
follows from Proposition 14.11 □ 

The following is an extension of |^ 1.3]. 

Proposition 4.3 Let (i?, m) be a Noetherian local ring with depth i? > 0, 
and let I be an R-ideal. Let s,t be integers > 1. Assume that and 
are integrally closed, depth i?//^ — and J- has no homogeneous relations 
in degrees < s + t. Then /* n m/* — ml*. In particular if I* is integrally 
closed then m/* is integrally closed as well. 

Proof. See the proof of 15, 1.3]. □ 

We conclude this section by describing two occurrences of the integral 
closedness of ml in the case of perfect ideals of height two and perfect Goren- 
stein ideals of height three. 

Corollary 4.4 Let {R, m) be a normal local Cohen-Macaulay ring of dimen- 
sion d, and let I be a normal perfect R-ideal of height 2 with minimal number 
of generators d+l. Assume that I satisfies Gd . Then ml is integrally closed. 

Proof. We may assume that the residue field of R is infinite. Notice that 
e{I) = d by [13 3.1] and [3T1 l-H]- Let r be the reduction number of /. If 
r < d — 1 then the assertion follows from Corollary 14. 21 If r > d then T = 
TZ/mTZ has no homogeneous relations in degrees < d since fi{I) = £{I) + 1. 
As pdSd^iil) = d - 1 by m Theorem 1(6)], one has depthS'd-i(/) = 1. 
This implies that Sd-i{I) = /'^"^ by |13[ the proofs of 5.1 and 4.6], and then 
depth i?//''^^ = 0. Now Proposition l4. 31 applies with s = d—1 and i = 1. □ 

Corollary 4.5 Let (i?, m) be a local Corenstein ring of dimension d with 
d odd, and let I be a perfect Corenstein R-ideal of height 3 with minimal 
number of generators n > d. Assume that I satisfies Gd and I, I'^^^ , J'^"^ 
are integrally closed. Then ml is integrally closed. 

Proof. By [31 2.5, 2.15, 4.3(g), 5.9, 6.17(c)(i) and id){ii)] pdSd-2{I) = 
d - 1 and Sj ll) ~ P for 1 < j < d- 1. In particular, depth i?//''-^ ^ q and 
T — TZ/mTZ has no homogeneous relations in degrees < d — 1. Now applying 
Proposition 14. 31 with s = d — 2 and t = 1 we conclude that ml is integrally 
closed. □ 
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